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Homework # 4 Solutions

set of units used: MKSA

-Problem 1-|Consider two equal point charges ¢, separated by a distance
2d as in figure 1. Construct the plane equidistant from the two charges. By

Figure 1: Charge configuration

integrating Maxwell” s stress tensor over this plane,
(a) determine the force of one chearge on the other.
(b) Do the same for charges that are opposite in sign.
(c) Explain how one abtains F; 5 = —Fs .

SOLUTION
The force experienced by charge ¢ in (0,0, —d) from the charge ¢ in (0,0, d)

is equivalent to the total force exercited on the volume V' = {z < 0} by the
electromagnetic fields generated by the charges configuration, namely

F = ngda—sopojt/VSdT (1)



Physics 336 page 2 Due Sep. 27, 1995

where we have indicated with S the surface bounding volume V', with S the
Poynting vector and 7T is the Maxwell’ s stress tensor. Since we are dealing
with two static charges then: (i) the last term in the right hand side of
equation (1) is zero; (ii) the electrostatic fields decay as 1/r* at r — oo.
The Maxwell’ s stress tensor decays as 1/r*. Then we conclude that in the
first term of the right hand side of equation (1), the integral gives zero when
calculated on the parts of S at infinity. We remain then with the following
equation for the force F

F = Tda | 2)
{z=0}

which in components can be rewritten as
Fo= [ Y Tisda; . (3)
{z=0} 75
where
Tij = €o(EiEj — ;5i,jE2) ; (4)

since there is no magnetic field entering in the problem. We observe also
that, following the notations in figure 1, we have da = (rdr df)z then we
can simplify equation (3) to

F; = Ti. rdr df . (5)
{==0}

Since the force between two point charges can only be in the direction of the

axes containing the two charges (axes Z for us: F = F'2) we get in the end

F = T..rdrdo . (6)
{2=0}

(a) In this case we have for the electric field generated by the two charges
of equal sign

E, =0 (7)

2q 1 r
E*’+ E? = ) 8
=t By Are, (12 + d2) /12 + 2 (®)
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From equation (4) we get
T..=—=(E;+E2) . (9)

Substituting equation (8) into (9) and then (9) into equation (6) we
get
Y 1 g

_ dr — ——— 4
Are, Jo (12 + d?)3 e dre, (2d)?

2
F=

(10)

In this case we have for the electric field generated by the two charges
of opposite sign

E, = E,=0 (11)

2q 1 d
E., = . 12
’ dre, (r2 + d2) V2 + &2 (12)

From equation (4) we get

T..= 5B (13)

Substituting equation (12) into (13) and then (13) into equation (6) we
get

2 2 2
¢ [~ d 1 ¢

F=— dr = 14

e, Jo o (r? + d?)3 e dme, (2d)? (14)

F,2 = —F3; because when we calculate F; o, the force exercited by

charge 2 on charge 1, we use a closed surface containing particle 1,
while when we calculate Fy; we use a closed surface containing particle
2. In both way we can find the force integrating the Maxwell’ s stress
tensor (which will be the same in both cases, since only dependent on
the charges configuration) over the plane midway between the charges,
but if in one case the elementary surface of the plane is o< Z in the other
is oc —2. Equation (5) shows then that we must have Fy o = —F5;.
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-Problem 2-| Calculate the power (energy per unit time) transported
down a long coaxial cable of figure 2 assuming the two conductors are held
at a potential difference V' and carry a current I (the current flows down the
surface of the inner cylinder, radius a, and back along the outer cylinder,
radius b).

Figure 2: Coaxial cable.
SOLUTION

The coaxial cable is built in such a way to confine all the electromagnetic
field generated by itself between the two conducting cylinders. According to
Ampere’ s law the magnetic field between the cylinders, that carry a current
I each, can be written as

pol
2rr

B=-""0¢ . (1)

Since the two cylinders are held at a potential difference V', we will have for
the electric field

v
E= . 2
b-a) (2)
The Poynting vector between the cylinders will be
1 VI
S=———ExB)=—F"7—2 . 3
uo( xB) 27rr(b—a)z 3)
From the Poynting’ s theorem applied to the surface S coming from z = —oco

and cutting the cable at some point z, we get the power transported down
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the coaxial cable by the static fields, namely

2m
p_ dWEB:_%S da—// VIdrd@_V[' (4)
27(b—a)
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-Problem 3-|Picture the electron as a uniformly charged spherical shell,
with charge e and radius R, spinning at angular velocity w.

(a) Calculate the total energy contained in the electromagnetic fields.
(b) Calculate the total angular momentum contained in the fields.

(c) According to Einstein formula (E = mc?), the energy in the field should
contribute to the mass of the electron. Lorentz and other speculated
that the entire mass of the electron might be accounted for in this
way: Wgp = mec?. Suppose moreover that the electron’ s spin an-
gular momentum is entirely attributable to the electromagnetic fields:
Lg g = h/2. On these two assumptions, determine the radius and the

angular velocity of the electron
(d) What is their product wR ?
(e) Does this classical model make sense 7

SOLUTION

In a uniformly charged spherical shell of radius R and total charge e, the

N>

~l
o

Figure 3: The “classical” (non-QM) electron.
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surface charge density is

e
T AR (1)

o

For the Gauss theorem, inside and outside the sphere holds
r?E, = constant . (2)

If we indicate with 1 the inner region and with 2 the outer region, we can
write

E»,al:% r<R
Er: 752 (3>
ET2:72 T>R
T

Since the electric field cannot be singular (explode) at the center of the sphere
we have to impose ¢; = 0. Then from the boundary condition

= (Er2)r:R ) (4>

o €

By —Ep = ;O = rrgoRQ

follows that ¢y = e/(4me,) and then

{ 0 r<R
FE. = e (5)
r R

4re r? s

Then the total energy stored in the electric field of the electron will be !

Wy = / B2 dV =4 / ~ ¢ ¢
=—le =41 | o dr =
E= 9 R (4me,)?r? 8me,R

(6)

For the magnetic field of a uniform spherical shell spinning with angular
velocity w around axis Z we get from example 11 in chapter 5 of D. J.
Griffiths, the following result

2
B, = —pu,0Rwz r<R
Mo
B, = ﬂ—m] Lo r>R

Tn the limit of a puntiform electron Wz — oo.
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where we have indicated with m = Z(eR?*w)/3 the magnetic dipole moment
of the electron.

Then the total energy stored in the magnetic field of the electron (inside
Wg1, and outside Wg,, the spherical shell) will be

WB - WBl + WBQ (8>
1 [ B? 1 /4 2 2 mu, e
B1 1 o, \3™ ) (gheo i ma o
1 [ B?
Wa =3 [ 22 av
2 e
_ ! 27r/oo /1 ( Ho )2m2[400829+sin2 0)* d(cos6) ridr
2140 R J-1 \4mr3
2 1 2
Ho M 2 Ho € 2
= —2 0+ 1)d(cost) = —— :
STTSERTE ﬂ[l(3cos + 1)d(cost) o 27(R¢u ) (10)

(a) The total energy contained in the electromagnetic fields is the sum of
the energy contained in the magnetic field inside the shell Wg; and the
energy contained in the electromagnetic field outside the shell Wg +
Wg,. From equations (6), (9) and (10) we get

o2 11, €2

+ =2 —(Rw?) . (11)

Wep=—
EB = Qre R 41 9

(b) The Poynting vector S is different from zero only outside of the spheri-
cal shell (inside E = 0). Then from equations (5) and (7) we get for the

volume density of the linear momentum p of the electromagnetic fields
(momentum density = energy current density /c?, ¢ = (gopo) ' =

speed of light.) the following expression

S_e(rxm)i:#@xm) 7 (12)

P=2" go(dme)? 6 (e/m)dmrS

where we have introduced the classical radius of the electron 2

62

S=—— ~2.82fm . 13
" 4e,mc? fm (13)

2Remember that 1fm = 10~ 13¢cm.
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(e)

The volume density of angular momentum is given by
To To
(e/m)4mrS (e/m)4mrs
Since we are taking m alligned with the Z axis, the only component of

1 which will contribute to the total angular momentum will be the 2
component, namely 3

L= -

l=rxp= rx (rxm)= [r(r-m) — mr?].(14)

To

—2  _mr®sin®6 . 1
(e/m)47r7“6mr sin (15)

For the total angular momentum S = SZ we get then

2 m 2 er,
§=[1av = "3 e/mR 9 (e/m)

(wR) . (16)

From (16) and the definition of r, (13) we get
18

Rw = —Suoe2 (17)
If we put S = h/2 we find the following result
Rw ~ 9.26 x 10"m/s ~ 300c . (18)

If we imagine that the entire mass of the electron is contained in its
field, i.e. Wg g = mc?, we get from equation (11), the following value
for the radius of the elctron

Rl @] o

then from result (18) and from equation (13) we get
R~3x10"%m>r, . (20)
From equation (18) we get for the angular velocity
w3 x 10%'rad/s . (21)

The result (18) shows that the classical model considered for the elec-
tron doesn’ t make sense: a point on the equator of the rotating shell
has a velocity of 300 times the speed of light !

3The component orthogonal to the 2 axis will be proportional to sin # cos @ which gives
zero when integrated over all the space from r = R to infinity.



