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ABSTRACT

We review the linear response theory in the horizontal quantum liquids framework spanning from
Coulomb liquids to Atomic gases. There are several well known references about this subject, like
the onset of the Kramers-Kronig relations and the fluctuation-dissipation theorem. For the Coulomb
systems we show the connection between the linear response function and the dielectric func-
tion which settles a parallelism between statistical mechanics and electrostatic properties. For (very
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degenerate, dilute, trapped, two dimensional) Atomic (Bose) gases we will prove, in full generality, gases
how the response properties of the gas depend from the frequency of the harmonic trap.

bn(r,t) = (~i/h) / ar’ / " (e, ), o )il ).

1. Introduction

Linear response theory [1-3] is a well known frame-
work to describe the approach to thermal equilibrium in
response to an external perturbation acting on a many-
body quantum or non-quantum fluid. Some recent books
describing it are Refs. [4-6]. We will define the linear
response function in real space-time K or in Fourier
space-time y. We will then derive the fluctuation-
dissipation theorem relating the dissipation in the fluid,
given by the imaginary part of y, and its fluctuations,
given by the van Hove dynamic response S. And finally we
will present the Kramers-Kronig relations as a constraint,
imposed by causality, between the real and imaginary
parts of the linear response function y.

In this manuscript we give a synthetic description of
this theory and present two of her applications to quan-
tum fluids: The Coulomb Liquid and an Atomic Gas. In
particular, for the Coulomb case we will introduce the
dielectric function € through her definition in terms of
the linear response function y and discuss her proper-
ties. This identification of the liquid response with its
electrostatic properties turns out to be inspiring and pow-
erful. For a very degenerate, dilute, atomic Bose gas, we
consider it confined to a two dimensional harmonic trap
‘relaxing’ according to a simple, but realistic restoring

force. Using linear response theory, we then prove, in full
generality, that if the harmonic trap has frequency wy
the frequency of the monopole mode of the gas response
is exactly 2wg. This has important implications when
studying the properties of trapped atomic gases.

2. Linear response theory

Let us introduce the density linear response function
K(r —r',t — t') for a homogeneous fluid. Let us indicate
with Vj, the ‘bare’ potential in vacuum.

The coupling of the fluid to the perturbing potential is
described by the Hamiltonian

() = / dr p(®)Vy(x. ), 1)

where p(r) is the density operator (here we implicitly
assume that the mean value of the density has been sub-
tracted from p (r)). We will just consider the linear effect
of this perturbation. The change in density is given by

on(r, 1) = (p(r)) — (p(r))o = tr{[w(t) — wolp(©)},
(2)
where tr denotes the trace, w(t) = [ y*(R,t)y (R, 1)

d*NR is the perturbed density matrix whose unperturbed
counterpart is wy = exp(—fHy)/tr{exp(—fHp)}, and
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S = 1/kgT with kg the Boltzmann constant and T the
absolute temperature. We are indicating with w (R, t) the
many-body wave function of the fluid with particles at
positions R = (ry, ra,...,ryN) at time t. This satisfies to
the Schrodinger equation

ihat//(R, t)
ot

where H is the Hamiltonian of the unperturbed fluid.
Then the perturbed density matrix satisfies to

ihag—gt) = [Hy + H'(t), w(t)]

= [Ho + H' )]y (R 1), 3)

~ [Ho, w(t) — wol + [H' (), wo],  (4)

where [A, B] denotes the commutator AB—BA and in the
last step we have linearised the effect of the perturbation
and used [Hyp, wo] = 0. This equation is subject to the
initial condition

lim w(t) = wo, (5)
t— —00
representing a state of thermal equilibrium.
The linearised Equation (4) has the following solution
t
w(t) — wy = (ih) ! / dt’ exp{—iHo(t — t')/h}
—00

x [H'(t"), wo] exp{iHo(t — t')/h}.  (6)

Inserting this result into Equation (2) and using the cyclic
invariance of the trace, tr{AB} = tr{BA}, we can write the
desired result as follows

t
on(e1) = (=i/h) / ar' / a ([p(x. 1, p (& £)])o

x Vp(¥', 1). (7)

Again the angle parenthesis (A)¢ = tr{wpA} denotes the
mean value on the equilibrium state and p(r,t) is the
Heisenberg operator

p(r,t) = exp(iHot/h)p (r) exp(—iHot/h). (8)
So

K@—r,t—1t)=(=i/h)o(t —t)[p(x, 1), p(r',)])o.
)

This result clearly embodies the causality property
through the Heaviside step function 6.
Introducing the notation

" (k,t —t) = (1/2h) / d(r — 1) exp[—ik - (r — )]

x ([p@, 1), p',tH])o, (10)

we see, from Equation (9) that the Fourier transform of
K is the convolution integral of the Fourier transform of

x" (k,t), that we will indicate with y”(k, w), and of the
Heaviside step function, that is equal to i/(w + in) with
n a small positive quantity. We can then write the space-
time Fourier transform of K like so

o0 d /
w) = — / o) @ = o +in). (1)

—00

Using the rule (w + in) ™! = P(1/w) — iz 5(w), where P
denotes the Cauchy principal part, this can be written
like so

o0 d /
2 (k@) = —P /_ L) (0= o)+ i (o).
(12)

Since y”(k,t) is written in terms of the commutator of
Hermitian operators it can be readily shown that y” (k, @)
must be real. So we can write

Imy (k,w) = " (k, w). (13)

3. Fluctuation-dissipation theorem

We now worry about the relationship between the density
response function and the van Hove dynamic response
S(k, w). Let us define the autocorrelation density func-
tion as

1
Gr—rt—1) = —{pEp.)o,  (14)

whose space-time Fourier transform is S(k, w). The con-
nection between G e K that gush from Equation (9) can
be rewritten in Fourier transform like so

o0 dw/
rko) = /) [ S2IS0) - S(—k—0)
—o0 2T
/(@ — o +in). (15)
This has the same form of Equation (11) so that
Imy (k,w) = (—n/2R)[S(k, w) — S(—k, —w)].  (16)
For a fluid in thermodynamic equilibrium we must have
S(—=k, —w) = exp(—=hfw)S(k, w). (17)

In order to prove this property we observe that its inverse
space-time Fourier transform reads

G(—r, —t) = exp (—ihﬂ%) G(r, 1), (18)

since under time Fourier transform 0/0t — —iw. But
Equation (18) can readily be proven through the follow-
ing steps (where, once again we use the cyclic invariance



of the trace and the definition of the Heisenberg operator,
Equation (8))

tr{exp(—fBHy)p(0,0)p(r, 1)}
= tr{p(r,t) exp(—BHo)p(0,0)}
= tr{exp(—fHo)p(r,t — ihB)p(0,0)}

— exp(=ihBd/ot)tr{exp(—Ho)p (x, Hp (0, 0)).
(19)

In the classical limit, for § small, Equation (16) becomes

Imy (k, w) = (—nfw/2)Sk, w). (20)

4. Kramers-Kronig relations

Causality imposes that the response function K(r, t) van-
ish for t < 0. In other words the fluid is influenced only by
the action of the external perturbation in the past. Intro-
ducing the ‘intermediate’ response function y (k, ) as the
space Fourier transform of K(r, t), we have

x(k,t)=0 fort <DO. (21)

On the other hand

x(kt)y = /oo j—: exp(—iwt) y (k, ). (22)

—00

Extending the definition of y (k, ) from real to complex
frequencies, we can calculate this integral through con-
tour methods and for t < 0 we can close the contour with
the semicircle at infinity above the real axis. The contri-
bution from the integration on the semicircle vanishes
since y (k, ) o< @2 at high frequency. So the causality
property (21) is guaranteed if y (k, w) is analytic in the
upper part of the complex frequency plane.
Let us now consider the integral

j[ 20 4 —o (23)

w—o

on the contour I' shown in Figure 1. This contour integral
vanishes due to the analiticity of y(k,w). The contri-
bution from the semicircle at infinity is again zero, so
that

o0 k /
P/ da/X(/ D) iralow) =0,  (24)
—o0 —w

(6]

where again P denotes the Cauchy principal part of the
integral on the real frequency axis and the second term
comes from the integration over the small semicircle
around the point w. If we now separate y (k, ®) into its
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Figure 1. Integration contour on the complex w plane.

real and imaginary parts we find

p/oo do ’w+nlmx(kw)_0 (25)

—o0 o —w

/ d’ImX(k ) rRey(hw)=0.  (26)

These are the Kramers-Kronig relations.

5. The dielectric function

In a Coulomb liquid (either in its quantum version, the
Jellium [7-12] or in its non-quantum version, the one-
component-plasma, [13-21]), the connection with the
longitudinal dielectric function €(k, ), becomes appar-
ent from the Poisson equations

V - D(r,t) = —4rmen,(r,t), (27)
V - E(r,t) = —4re[n.(r, t) + on(r, t)], (28)

which yield
1 k-Eko) on(k, w)
elk,w) k-Dkw) 1o (K, @)
2
=1+ 2 x (k, w), (29)

since from Equations (7) and (9) follows dn(k,w) =
x (k, ) Vy(k, w) where y (k, ®) is the Fourier transform
of K(r — r'|,t —t) and

2
e k). (30)

Vi) =

Of course the field E and the associated screened or
‘Hartree’ potential Vy(k, w) = Vy(k, w)/€(k, w) would
be experienced by a second test charge introduced into
the plasma, rather than by the particles of the plasma.
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The latter also experience effects which involve the pre-
cise ‘hole’ a particle of the plasma digs around itself.
This latter effect brings about the so called local field
corrections.

In addition to y(k,w) which relates the displaced
charge density to the potential in vacuo, it is useful to
introduce yet another longitudinal response function,
X (k, w) say, by exploiting further the analogy with ele-
mentary electrostatics. This relates n(k, w) directly to the
Hartree potential through

nk, w) = y (k,0) Vg(k, w). (31)
We then have
4 2
clhw)=1— 71226 7 (k, ). (32)

The expression y(k,w) = y(k,w)/e(k,w) accounts at
one stroke for the long range effects of the Coulomb inter-
actions (the resonance at the plasma frequency, deter-
mined by €(k, w) = 0, is brought about explicitly in the
denominator.

The simplest useful approximation to the dielectric
function of the plasma is obtained by approximating y by
the density response function of an ideal gas. This corre-
sponds to the Vlasov theory for the classical plasma and
to the Lindhard theory for the degenerate electron fluid.
Refinements of these theories aims at incorporating the
effects of ‘exchange and correlation’ in j. This expression
being an abbreviation for the short range effects aris-
ing from the statistics (‘exchange’) and long range effect
arising from the Coulomb interaction (‘correlation’). Of
course the exchange effects are absent in the classical
limit.

6. Very degenerate atomic gases

Consider a dilute (Bose) gas with interaction energy
per unit area equal to Uy, confined to a 2D isotropic
harmonic well with harmonic frequency wy. We will
show that the kinetic and potential energy sepa-
rately can be written in the general form (T,V) =
haof(r,vy (o) where o = NUym/h? is independent of
wo. We will also show that the mean square radius of
the cloud can be written in the form d*Ng(a.).

In the Hartree approximation, the ground state energy
of the system is given by a Ginzburg-Pitaevskii-Gross
energy functional

K2 mao?
Eoly (r)] =/d2r[2—|V1//|2+—0r2|1//|2
m 2

Uy
- lel“}, (33)

where r = (x, y) and y (r) is the order parameter.
The total ground state energy Ey and wavefunction are
determined minimising Eo[w] with the constraint

/ ly (r)] d*r = N, (34)

where N is the number of particles in the gas.
Let’s introduce the root mean square zero point dis-

placement d
h
d= |—:, (35)
ma

and let’s make the following rescaling

ry = l‘/d, (36)
N
w =f§- (37)

The energy functional becomes

2 2

2 |Vif VN|  maid® ,|VN
Eo = d2 2 VYU vV 0 2 | VIV
0 d/d” om | d d Rl
Uo | vN [*
0
— | — 38
+ 5 df (38)
10)
=N7° / d*r1[|Vif > + 1 f1? + alf1*] (39)

where a = NUym/h?.
The order parameter normalisation becomes,

2
N
Nz/dzrly/lz:dz/dzrl L/%‘ =N/d2r1[f|2,
(40)

or [dn|f]* =1
Now to find the total ground state energy we need to
minimise

(5[ / i [|VifI* + i |f1? +atf|4]] =0, (41)

with the constraint [ d?r; |[f|*> = 1.
The function f; that solves the problem can only be a
function of r; and a, i.e. fy = fo(r1, ).



So we can say

E 1
-ﬁzhmz/ﬁ%MWﬁF+ﬁmF+amm

= hoofe(a), (42)
14 L[ h 50
N hwoz d°ririlfol” = hwofv(a), (43)
U 1 2 4
— = hwo= [ drialfol” = hawofu(a), (44)
N 2
T 1 ’ )
N ﬁwoi a“ri|Vifol® = haofr(a). (45)

The mean square radius of the cloud is

(rz) = /dzrrzlt//olz = dzN/ d*r, r%[fol2 = dzNg(a).
(46)

We consider a ‘relaxing’ simple harmonic oscillator,
i.e. one in which the restoring force F(t) is related
to the displacement x(t') for t' < t by the formula

F(t) = / K(t —t)x(t) dt, (47)

with K(t — t) given by
kd(t —t') — (ks — k)t ™!

K(t =) = § expl=(t — £)/7] >t
0 t <t
(48)

We find next the linear response function of the
oscillator as a function of 0 = k¢/m, w? = ks/m,
and v, and find the damping of the oscillations in
the limit s > w; > 17" and w5 2> 0 < 178

~ ~

Imagine to perturb the system with a force G(¢), the
equation of motion of the harmonic oscillator will look
like

mi(t) + E(t) = G(b). (49)

The linear response function y () is defined as

@) = 2 (50)

G
where we indicate with a tilde the time Fourier transform
of the corresponding function. Taking the time Fourier
transform of the equation of motion we get

2 2 0
- _ L 0t —w? _ ;
G:—w2x+w52x— s tx/ 6(t)e t/T oot qy
T

—00

(51)

MOLECULAR PHYSICS e 5

where @? = ks/m, w? = k;/m, and we used the property
of the Fourier transform to transform a convolution into
a product.

Now we have

o.¢] . o.¢] 1. 1
/ O(t)e™t/7 e dt = / et(e=i0) gy — >
0

—00 Pl 0]
(52)
since t > 0.
So our equation of motion becomes
2 2
~ - . W — o _
G = —0*% + 0’k — =—1%, (53)
1 —iwt
and the linear response function looks like
X(w) 1
X () = G( ) = 5 , oot (54)
w s t
-t + O3~ Toar

Introducing adimensional frequencies @ = w7, @s; =
ws, T We get

- 2 o+
1o)==t (@3 +i? — o? — i@f) -
To find the damping of the oscillations we need to find
the poles of y (®).
Note that

(e.¢]
x(t) = / x(t—t)G()dY (56)

—00

this gives us two informations about the poles of y (w)
extended from real to complex frequencies:

(i) Causality implies that y (f) = 0 for t <0, i.e.

/ &« e " y(w)=0 fort <0, (57)

2
which means that y(w) cannot have poles in the
upper half of the complex frequency plane (has to
be analytic there).

(ii) Since y(t) and G(t) are physical quantities, hence
real, y (—w*) = y*(w).

Now, since the denominator of y () is a cubicg, it has
to have 3 roots. Because of i. and ii. these 3 roots have to
be of the following kind

w; = —ia,

wy = —CZ); = —ic+ b,

with a, b, c three real positive numbers. We want to find
the damping of the oscillations produced by the term b in
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x (t). That is, we want to find ¢ (the ® = @; /7 pole will
give rise to a dumped non oscillating factor instead).
So we want

@ + i@ — dw? — i}
= (@ + ia)(& + ic + b)(@ + ic — b)
= (@ + ia)(@* — ¢ + 2icédo — b?)
=@ + i®*(2c + a) — d(b* + ¢ + 2ca)
—i(b* + P)a,
which gives
2c4+a=1

(b* + &) + 2ca = @?
(b* + P)a = @?

(58)

This linear system reduces to

1 =2 =2 _ =2
C3 —cz—f—C(%) — (57%) =0 (59)

Now for small 7 Equation (59) reduces to

S —E4c/4=0, (60)

which has solutions¢c = 0,a = 1,b = @;andc = 1/2,a =
0,b=, /c?)s2 — 1/4. Both these solutions are uninteresting
since the first one gives

1
)~ -, 61
T N
which corresponds to an undamped
x(t) = (v/20;) sin(wyt). (62)

While the second one gives a complex b, since cbsz L 1/4,
which cannot be.

We then learn that for the case @? > @? < 1 we need
to expand around ¢ = 0 to obtain

1 =2 _ (1-)2
G- w
4 8
with solution
V)
g — W}
R ——, 64
5 (64)
and a &~ 1 and b ~ @;,. So we have
- 2 1
x ()~ —1 R (65)

which corresponds to

2_ 2
—( 252 ) et sin(est
X(t)%re( ) (@) (66)
Ws
For large 7 Equation (59) reduces to
=2 “2 _ 2
@ 0] — @
cl=)-(—%)~o, (67)
4 8
which gives
1 (& — f
cr-—|——). 68
2( ? (68)

Now for @? > @? > 1 c is small and from Equation (58)
we find a &~ 1 and b & ®,. So we have

- 1
2 (@)~ —* o . (69)
o+ (%2) +a]
-2 -2
[o+i(%52) - o]
which corresponds to
(45)"
— = t/t si t
(O ~re \ 2 sin(@ ). (70)

Ws

Consider a (boson) system living in a plane with

Hamiltonian
N ~D N
- p; A Uo A A
Hy=>" [2—’ + vext(ri)} + - D P,
i— L= ij=1
(71)
| N
Vext = Ema)(z) Zflz (72)

1

We can show that for this system the frequency of
the monopole mode is exactly 2wy irrespective of the
value of o = NUgm/h?.

Sinceweareinaplanet; = (7;,,7;,) and p; = (pi,, pi,)-
It is useful to introduce the following two operators

N
Q=>%#, (73)
i=1
1 N
Aw == D [PiuFiu + Fibid), (74)
i=1



for each dimension o = 1,2 and the usual density and
current operators

N
plr) =D 8 — 1), (75)

N

i) = 5 - b — )+ oG~ E)pi, (76)

i=1

So that for example
1 2
Vet = Emw(z) zl Qq. (77)
o=

This harmonic trap may be perturbed by a harmonic
perturbation B’ = 2 3°2_, Q. This we will do next.

6.1. Moments sum rules

Imagine we apply to the system Hy a perturbation
2
H(t) = Z / d’r Ay (£)Ag (1, 1), (78)
a=1

where 4,4 (r, t) are external fields and A, (r) are observ-
ables of the system coupled to the fields. Our system
now is H = Hy + H’. We can then apply the formalism
developed in Section 2 for the linear response theory.

Let us consider the moments of the dissipation spec-
trum, defined as

n o da) n
Maﬁ(k) = —/_oo Ea} Imyqp(k, w). (79)

Since Imy,p(k,®) is an odd function of w due to
Equation (16), the even moments vanish. We will just
be interested in the first two non-zero moments n = 1,
3. The moments are related to the fluctuations of the
observables A, (r) by the fluctuation-dissipation theorem
in the following way

2 " xgpkt)

(=i)" 6t” ’ (80)

t=0

25k 1) = —ﬁ<[A (k, £), A g(—k, 0)]> (81)

My (k) = —

where we used Equation (13), (. . .)o denotes the expecta-
tion value over the ground state of the unperturbed sys-
tem Hy, [...] is the commutator, Aa (k, t) is the Heisen-
berg representation of the spatial Fourier transform of

MOLECULAR PHYSICS e 7

Aq (r) such that

dA(t)
ot

Let us write down the first two non-zero ones

W= Lum] Al e

m[[[[ﬁaﬁo]’ﬁo]’Ho],AﬁDO, )

where all the A observables are taken at (k, 0).
Let us now choose, in Equation (78),the external field
independent of time, space, and index a, and

= [A(t), Hol/ih. (82)

M, (k) =

Ao (xr,t) = A = constant, (85)
Au(®) = 135 (0), (86)
with p defined in Equation (75). We can then evaluate
the first and third moments at k = 0. Let us start with
M, 4 (k = 0). Proceeding step by step, we find
|Qufio] = 2iA, (87)
2

Qp. | Qu. Ho || = | Qg 2i1Ag | = ———00pQu, (88)
@0 [Qutin]] = J=-=

where Qa and Aa are defined in Equations (73) and (74)

and we used the usual commutation relations [#;,, ?jﬂ] =

[}A)ia,ﬁjﬁ] =0, [?ia’i)j/i] = ih&ijé‘aﬁ, so that only the kine-

tic energy term in Hy contributes to the first moment.
So using Equations (88) into (83) we find at k = 0

4 N
M;(0) = —dap(Qu)o. (89)

In order to find the third moment is convenient to rear-
range the commutators in Equation (84) as follows

= (] [ ] ] on
so that at k = 0 one finds from Equation (87)
S O

Let us start by calculating the commutator [Ag, U] where

N
Yo > 2 P @ =B, (92)

i,j= 1

Ay = / dr 1y )y (1) (93)

M;;(0) =

C:>

dr () = —°

From Equation (A1) in Appendix we get

[Aa,ﬁ] - %LUO / PrpVy [rap®].  (94)
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Then, from the identity

A n 1 . A
POV [rap(r)] = E{pz(l’) + Vo [rap’ @]} (95)
and from the boundedness of the system follows
A ih U ~
[A _ / dr 52 (r) = U, (96)

where in the last equahty we used Equation (92).
We have already calculated the commutator with the
external potential

[Aa: f@m] = [Aa, 3mMag > Q/f]
Zzh (

may Zﬂ Qﬁéaﬁ)

2ih A
= -0, (97)
m

where in the second equality we used Equation (88) and
the last equality defines V, = 1mw} >, 7.
All that is left is to calculate the commutator [Aa, K]

where K = 3. p?/2m is the kinetic energy operator. So
now we get

s A7 ihix— o 200
[Aa,K] = —2 pia = —
m i i

Ky, (98)

where in the last equality we have defined K, =

Ziﬁzza /2m.

So, collecting all the pieces

. B oo .
[Aa,Ho] == {ZKa 2V, + U} . (99)

Now taking the ground state expectation value of
this commutator one gets the virial theorem since
([Aa>Hol)o = (Aa)oE — E{Aq)o = 0, namely

2(Ka)o = 2(Va)o + (U)o = 0. (100)

We can now determine the last necessary commutator
(using Equation (99))

o] -

ih\* [ & R R
_ (;) [4Ra0up +4V0p + O}
(102)

N
l—[Aﬂ,ZKa—ZVa+U] (101)
m

So that in the end, using this result into Equation (91), we
find for the third moment

M25(0) = 8 < » [2Ka+2Va]+ U> . (103)

0
Now, a collective excitation at frequency w, manifests
itself with the appearance of a d(w — wy) in the dissipa-
tion spectrum, i.e. Im x4 (0, @) o 6(w — wg)dgp.

From the definition of the moments, Equation (79)
follows

M;ﬁ X W 0up (104)
M} o @) 8up, (105)

from which follows
(M?/MY) 5 = @3 dap. (106)

So we need to take the ‘ratio’ ‘M>/M!‘ and eventually
diagonalise the matrix. From Equations (42)-(45) and
using Feynman theorem we find

_ < aI:IO > _ (Vext>0
- 2 - 2
owy; wlo wj

from which follows fg = 2fy. This is nothing else than
the virial theorem again 2fy = fx + fv + fuorfx — fv +
fu = 0 (which should be compared with Equation (100)
which holds for o = 1,2). Here we use the same nota-
tion used in Equations (42)-(45) with the new inter-
pretation that f = (Hodo,fx = (K)o,fv = (Vexdoofu =
(U)o. Using Feynman theorem again, we also find

d(Ho)o
6603

(107)

o(H oH, Vext)o — (K
(Hodo| _ <_0 > _ Wado= By o0
om om m
o !l o
from which follows ofg/0m = (fy — fx)/m.
Using Equations (107) and (108) together
1_f£=2( e 1 ) 2, (109)
fv 8me
which defines .

Let us now write M>/M! using fx/fy. from Equa-
tions (89) and (103) follows

Mo (0) = 0 — (Vext)o,
0
8 o A 1 4
Mgﬂ(o) ; 5ocﬁ (2<Ka>0 + 2<Va>0) + §<U>O]

8 o N 1 .

= ; 5aﬁ (<K>O + <Vext>0) + E<U>O’ (110)
4

= 5aﬁ2(< Yo + ( ext) )
m
+ ((Veardo = (KD |, (111)

where for the third moment we used isotropy in the
first equality and the virial theorem in the second. Upon



rescaling M>

(/) =0k 2 (55 +1) + (1)

g {3ap2(2 — 20) + 25}

L 4—20 20
“o 20 4-20 )

We can now diagonalise this matrix. The eigenvalues are

(112)

4—20— 1y = =126,

Ay =4—20F 25, (113)

and the eigenvectors v+ = (1, £1). So that the monopole
mode collective excitation has exactly a frequency

o = = o]

7. Conclusions

(114)

In conclusion, we reviewed the linear response theory for
quantum liquids with fluctuation-dissipation theorem
and the associated Kramers-Kronig relations due to
causality, we defined the longitudinal dielectric function
for Coulomb liquids setting a parallelism between the
statistical mechanic properties of the many-body system
and its electrostatics. And we determined the monopole
frequency for a very degenerate, dilute atomic Bose gas
in a plane in a harmonic trap. In particular we show that
it coincides with twice the frequency of the trap. The
result we obtained through linear response theory is exact
because we let the perturbation vanish in the end. The
result obtained is also independent from the parameters
defining the Hamiltonian of the gas like its particles mass
or the magnitude of their Dirac delta pair interaction.
This can be important when studying trapped, highly
diluted, atomic (Bose) gases at very low temperatures.
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Appendix. A particular commutator

Given any two functions f(r) and g(r), we have
[/ d*r ], (1)g(r), / &r ﬁ(r/)f(r’)}
ih
— -2 [ drgmpm s

in
= ’E/dzrf(r)v [gmpm], (A1)

where the operators p and ], are defined in Equations (75)
and (76) of the main text and in the last equality we have used
the fact that our fluid is bounded (i.e. the density operator
decays to zero at r — 00) so that in the integration by parts
we can neglect the surface term.
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